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Adaptive Output Feedback for High-Bandwidth Flight Control
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A novel adaptive output feedback approach for high-bandwidth flight-control system design is introduced. The
approach permits adaptation to both parametric uncertainty and unmodeled dynamics. Of particular interest
here is the interaction with poorly modeled high-frequency dynamics. An approximate output feedback lineariz-
ing controller is augmented with a neural network. Adaptation is achieved using input/output sequences of the
uncertain system. Actuation limits and time delays are also addressed. The approach is illustrated by the design
of a pitch-angle flight-control system for a linearized model of an R-50 experimental helicopter.

Nomenclature

= error dynamics system matrix

sigmoidal activation potential

error dynamics state

error dynamics observer state

reference model tracking error

prefiltered command tracking error
reference model command tracking error
plant dynamics

desired feedback linearized system

transfer function

system output function

ith derivative of the system output function
approximationof &, ()

error dynamics observer gain

proportional gain and derivative gain

of the dynamic compensator
o-modification gain

number of neural network inputs, number of
hidden-layer neurons, and number of outputs
dimension of the system

positive definite matrices, reference model
tracking Lyapunov equation

= relative degree

control input variable

commanded control input

= estimated control input using a model

for the actuator characteristics

total pseudocontrol

neural network output

dynamic compensator pseudocontrol component
hedge signal

= reference model pseudocontrol component
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w,V,Z = neural network input and output weights
X = state vector for plant dynamics
XRM = reference model state
y = regulated output variable
Yeom = prefiltered tracking command
YRM = reference model output variable
y = additional measurements that are available
for feedback
C'y,Ty = diagonal matrices containing neural network
learning rates
A() = model error function
8,6, Semd = actuator position estimates, positions,
and commands
€ = neural network reconstructionerror
n = dynamic compensator state
r0) = eigenvalue
" = neural network input vector
I3 = state vector associated with the output dynamics
o(),0'() = neuronsigmoidal function and its gradient
X = state vector associated with the zero dynamics

Frobenius norm

I lle

Introduction

ODERN fighter aircraft can be operated in highly nonlin-

ear and uncertain flight conditions. In the future, uninhabited
aerial vehicles (UAVs) will begin to displace inhabited aircraft in
many traditional roles for both military and civilian missions. A
challenge to designers of flight-control systems for future vehicles
is to permit nearly carefree operation of high-performancevehicles,
withoutlimiting their full potentialfor maneuvering. Presently, there
exists a gap between what is available and what can be achieved in
UAV flight control, particularly in vehicles with hovering capabili-
ties. We have been experimenting with numerous UAVs, and it has
been our observationthata skilledhuman pilotcan maneuvera small
UAV in open loop at a level of proficiency that far exceeds the per-
formance of an autonomous flight-control system. In flight-control
research on an R-50 helicopter, it was observed that our pilot learns
to anticipate and interact with high-frequency dynamics and de-
lay when performing a demanding maneuvering task. The effective
bandwidth of the controlloop that is closed through the pilotin fly-
ing an otherwise open-loop vehicle exceeds, by roughly a factor of
three, that which we are able to attain by providing rate command
flight-control augmentation. This bandwidth limitation is largely
due to control rotor dynamics (at approximately 8—10 rad/s), filter-
ing, and digital processing time delays (between 0.02 and 0.04 s)
that are present in the control path from the rate sensor to the main
rotor swash plate. All physical systems also have control position
and rate limits, which either deteriorate performance or destabilize
it under high-bandwidth control.
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Both classicaland modern control design methods are fundamen-
tally limited by the presence of unmodeled high-frequency effects.
The same is particularly true in adaptive methods that attempt to
learn and interact with these effects. It is the goal of our present
research to develop an approach to flight-control design that is in-
spired by the performance levels that pilots are able to attain through
long hours of training. This implies that we explicitly account for
and adapt to the presence of unmodeled and potentially nonlinear
dynamics in an output feedback setting, even if all of the states
of the modeled portion of the system are available for feedback.
Adaptation to unmodeled dynamics is achieved by recognizing the
effect that these dynamics have in terms of both degree and relative
degree of the system. Our main assumptions are that the system is
minimum phase, stabilizable, and observable and that the relative
degree of the regulated output variable is known. The dimension of
the plant need not be known.

Feedback linearization'-? is a popular method for control of non-
linear systems. However, this approachrelies on an accurate model
for the system dynamics. Linearly parameterized neural networks
(NN) (Ref. 3) have been used in combination with feedback lin-
earization to compensate online for the error introduced by using
an approximate inverting transformation. Stability analysis pertain-
ing to control of affine nonlinear systems using nonlinearly para-
meterized networks first appeared using a discrete time formulation
in Ref. 4 and using a continuous time formulationin Ref. 5. Appli-
cations in robotics are described in Ref. 6. Extensions to nonaffine
systems, together with applications in flight control, can be found
in Refs. 3 and 7-10.

Extensionsof the methods justdescribedto observer-basedoutput
feedback controls are treated in Refs. 11 and 12. However, these re-
sults to date are limited to systems with full relative degree (vector
relative degree equals degree of the system) with the added con-
straint that the relative degree of each output is less than or equal
to two.'® In the single-inputkingle-output (SISO) case, this implies
that observer-based adaptive output feedback control is limited to
second-order systems with position measurement. Moreover, be-
cause state observers are employed, the dimension of the plant must
be known. Therefore, methods that rely on a state observer are vul-
nerable to unmodeled dynamics. In Ref. 14 an error observer-based
output feedback control design method is developed using only
input/output sequences, which removes the limitations inherent in
state observer-based design. Here, we extend it by incorporating a
novel approach for treating control limits within an adaptive control
setting called pseudocontrolhedging (PCH),'> originally developed
for the state feedback case.

We first state what is assumed to be known about the system dy-
namics, followed by a statementof the design objective. A summary
of the main results on NN-based adaptive output feedback control
viathe error observeris givennext, followed by a descriptionof con-
trol architecture and the error observer design with hedging of the
control limits. The paper concludes with an illustration of the main
ideas by consideringhigh-bandwidthpitch-attitudetracking control
designforalinearizedrepresentationof the R-50 dynamicsin hover,
in which there is significant coupling with control rotor dynamics,
actuator dynamics, control limits, and effects due to time delay.
Results obtained using a full nonlinear model and recent flight-
test results on our R-50 model helicopter are reported in Ref. 16.
Steps used to demonstratethat all errors, error observer states, refer-
ence model command tracking errors, and network weights remain
bounded are outlined in the Appendix.

Plant Description
Consider the following observable and stabilizable nonlinear

SISO system:

x=f(x, u), y=hx) M

wherex is the state of the systemonadomainD, C R",andu, y € R
are the control and regulated output variables, respectively. The
functions f and 4 may be unknown or approximately known. The
regulated output is available for feedback, but there may be addi-
tional measurements y that are available also. This paper is applica-
ble to SISO systems. However, the approach is easily modifed for

multi-input/multi-output applications. See, for example, Refs. 10
and 17.

Assumption 1: The functionsf:D, x R— R" and h:D, — R
are feedback linearizable > and the output y has relative degree r for
all (x,u)eD, x R.

Based on this assumption, the mapping & = @ (x) where

0
LSh
L‘fh
D(x) = . 2)
=1
]
with L(;)h, i=1,...,r —1 being the Lie derivatives, transforms
system (1) into the so-called normal form'
x = fo(&, x), éi=§i+lv i=1,...,r—1
& = h,(& x,u), y=4& 3)
where =& --- &17,h, (€, x, u) = L';h, and x is the state vec-

tor associated with the zero dynamics
x =0 (0, x) )

Assumption 2: The zero dynamics in Eq. (4) are globally expo-
nentially stable.

Controller Design and Tracking Error Dynamics

The control objective is to synthesize an output feedback control
law such that y(#) tracks a smooth bounded reference trajectory
yrm () with a bounded error using the available signals. Because
the system is not exactly known and only y and y are available,
feedbacklinearizationis approximatedby introducingthe following
control input signal:

r—1
w=h"y. 5. bov = Y ahi(y. ) 5)

i=0

where v is commonly referred to as a pseudocontrol and b, and
a; are constants. The continuous function 4, (y, y, u), which is re-
quired to be invertible with respect to its third argument, represents
any available approximationof A, (x, u) = L' h, and the continuous
functions 4;(y, y) are approximations of 4; (x) = L’fh. Additional
requirementson &, (y, y, u) will be specified in assumption 3. Con-
stants a; and b, are determined later in the process of controller
design.

With the available knowledge of the system dynamics, start by
choosing approximate expressionsfor every derivative of the output
up to rth derivative:

¥ =hix) =h(y, 5+ A,

§ = ha(x) = ha(y, ) + As

YO =R ) =R, (3, F) A
YO = b (e w) = ho(y, 5 u) + A, ©6)
where A; are model errors defined as A; =h;(x) — iz,-(y, y) for
i=1,2,...,r—1 and A, =h,.(x,u)—h,(y,y,u). If a linear
model is used, then
YO =y +ey+ A i=1,...,r—1
Y =c¢y+6y+dutA, 7

In the absence of any modeling information, we may select the
approximation as 2, (y, y) =hy(y,y)=--- =h,_(y,y) =0 and
h,(y,y, u) =d,u, subject to assumption 3.
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Yeom | Reference Yem Y Dynamic
P
Model Compensator

G,(s)

Fig.1 Control system architecture.

To design the linear dynamic compensator, we need to specify the
desired linearized system from v to y when A =0, G,(s) in Fig. 1,
where

Gy (s) = by/Dy(s) (3)
Dys)=s"4+a,_s" "+ +as+a “

G,(s) should be considered together with the form of the dy-
namic compensator used to achieve a desired closed-loop level of
performance.

Consider the model reference adaptive control architecture of
Fig. 1. A dynamic compensatoris designed to ensure that the result-
ing error dynamics, for A =0, are asymptotically stable and decay
to zero faster than the desired response dynamics prescribed by the
reference model. Combining Eqgs. (8) and (9) for A # 0 (see Fig. 1),

bo+A) =y +a, 1y 4@y +agy
=y, F,u)+ A +a [ (0, F) + A, ]

+ oty (3, 5) + A+ agy

r—1 r

= b 50+ Y ahi(y. )+ Y ab; (10)

i=0 i=1

where fzo(y) =y, it can be seen that

1 A . r—1 . ~
v= b—0|:h,.(y,y, u)+2a,-h,-(y,y)} (11)

i=0
A=—)Y aA, (12)

The control law (5) follows directly from Eq. (11). Applying the
linear expressionsin Eq. (7), we have

1 - 55
M:d—r{bov_zai(ciy—'_cry)} (13)

i=0

wherea, =1,cy=1, and ¢, =0.
The model inversion errors A; can be regarded as continuous
functions of x and v:

A = hi(x) = hi(y,7)  for  i=1,2,...,r—1
A, ) = h,(x,u) = (y, 5, 1)

r—1
=h, =x, hy! {y, Fobow— Y ah(y. i)} }

i=0

i=0

r—1
—Z.iy,y,iz,.[y,y,bov— Za,fmm)” (14)

Thus, the total model inversion error is a continuous function of x
and v:

i=1

r—1
Alx,v) = bio |:A,. v+ a,-A,-(x)i| (15)

The pseudocontrolin Eq. (5) is chosen to have the form
VU = UrM + Upc — Vud (16)

where vry is a reference model output, vpc is the output of a linear
dynamic compensator, and v,q is the adaptive control signal. With
the choice of pseudocontrolin Eq. (16), the dynamics in Eq. (10)
reduce to

7

Zaiy(") = by(Vrm + Upc — Vaa + A), a =1 17)
i=0

From Eqgs. (15) and (17), note that A depends on v, through v
and that the role of v,q is to cancel A. The following assumption is
introduced to guarantee the existence and uniqueness of a solution
for v,q (Ref. 18):

Assumption 3: The mapping v,q — A is a contraction over the
entire input domain of interest.

A contractionis defined by the following condition:

dA
8Uad

<1 (18)

When Eq. (15) is used, the condition in condition (18) implies

A | |1 oA, | |18 —h)du dv
8vad - b() 8vad - b() ou av 8vad
1 9(h, — h,) byd
= _¥¥ (19)
by ou oh,
which can be rewritten as follows:
oh,./d
‘—A/”—l <1 (20)
ah,/du

Condition (20) is satisfied if the following two conditions hold:

oh,\ ([ dh, o
N e ) T (

1 ‘ ah,

<=
ou

7 < 00 (22)

Condition (21) requires that the sign of the control effectiveness is
known, and condition (22) places a lower bound on its estimate

oh, 1|0h,
sgn(d,) = sgn| — |, 0<=|—
ou ou

5 < |d| < o0 (23)

Thus, it is better to overestimate the control effectiveness to satisfy
assumption 3.
Define the reference model pseudocontrol vgy:

Vrm = [1/G4(8)1yrm = [Dy(5)/bo]Yrm

= (1/bo) (vew + @ — 1y "+ o+ @ drm + aoyrm)  (24)
Then the dynamics in Eq. (17) can be rewritten:

7

D ae” + bo(vpe — v + ) =0 (25)

i=0

where e = yry —¥. When v,4 cancels A, or for v,y = A =0, the
error dynamics in Eq. (25) reduces to

Dd(s)e + bOUDC =0 (26)

For the case r > 1, the following linear dynamic compensator is
introduced to stabilize the dynamics in Eq. (26):
n=Am+be,

n € R", vpc =c.n+d.e (27)
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Returning to Eq. (25),the vectore =[e ¢ --- ¢”~V]T together
with the compensator state 7, will obey the following dynamics,
hereafterreferred to as the tracking error dynamics:

e _ A—b(bod(.c-l—u) —bobc(, e b ~
[ S s

z=le 7’1" (28)
where
010 0"| 0"|
0 0 1 0 0
A= ., b=
0 0 1 0
000 OJ d
c = [1 0 0 O], a = [ao a; a,.,l] (29)

with appropriate dimensions, and z is a vector of available signals.
For ease of notation, define the following matrices:

i A —b(byd.c +a) —bgbc,
N b.c A,

- [g}, G [g ?} (30)
s e

With these definitions, the tracking error dynamics in Eq. (28) can
be rewritten as

and a new vector

E = AE + bby(v — A), z=CE (32)
where it has already beennoted that A, b, ¢, d. shouldbe designed
such that A is Hurwitz.

Design and Analysis of an Observer
for the Error Dynamics

In the case of full state feedback,”!®!° Lyapunov-like stability
analysis of the error dynamics in Eq. (32) results in update laws for
the adaptive control parameters in terms of the error vector E. In
Refs. 11-13, an adaptive state observeris developed for the nonlin-
ear plant to provide state estimates needed in the adaptation laws.
However, the stability analysis was limited to second-ordersystems
with position measurements. To relax these assumptions, we make
use of a simple linear observer for the tracking error dynamics in
Eq. (32) (Refs. 14 and 20). This observer provides estimates of the
unavailable error signals for the update laws of the adaptive para-
meters that will be presented in Eq. (66).

Consider the following full-order linear observer for the tracking
error dynamic system in Eq. (32):

E=AE+KGE-2), t=CE (33)
where K shouldbe chosenina way tomake A — K C asymptotically
stable. The following remarks will be useful in the sequel:

Remark 1: Notice that Eq. (33) provides estimates only for the
states that are feedback linearized and not for the states that are
associated with the zero dynamics.

Remark 2: One can also design an r-2 dimensional minimal-
order observer, or a minimal-order optimal estimator that treats the
7 component of z as a noiseless measurement.

Remark 3: Additional measurements contained in ¥ may also be
used both in the compensator design and in the observer design.
This idea is employed in the application.

This observer design ignores the nonlinearities that enter the
tracking error dynamics (32) as a forcing function. This is sug-
gested by the original nonlinear system being approximately feed-
back linearized, or by v, nearly canceling A, and is justified using
Lyapunov’s direct method in the Appendix.

Let

A - -

A-KC, E

1>

A E-E (34)

Then the observer error dynamics can be written
E = AE — bb[v,a — A] (35)

NN Approximation of the Inversion Error
The term “artificial NN” has come to mean any architecture that
has massively parallel interconnections of simple “neural” proces-
sors. Givenx € RV, a three-layer NN has an output given by

N> N1
yi = Z |:wijff<z Vi Xk +0vj) +9mii|, i=1,..., N3

j=1 k=1
(36)
where o () is the activationfunction, v ; are the first-to-secondlayer
interconnectionweights, w;; are the second-to-thirdlayer intercon-
nection weights, and 6,; and 6,,; are bias terms. Such an architecture
is known to be a universal approximator of piecewise continuous
nonlinearities with “squashing” activation functions.!
The following theorem extends these results to map the unknown
dynamicsof an observableplant from available input/outputhistory.
Theorem 1: Given €* > 0 and the compactset D C D, x R, there
exists a set of bounded weights V*, W* with N, sufficiently large
such that the continuousfunction A (x, v) in Eq. (15) can be approx-
imated by a three-layer NN

Ax,v) = WTa (V7 p) +e(p), lell < e (37)

using the input vector

po =[1 v yio] (38)
where
vI(t) = {u(0), v(t — d), ..., o[t — (0, —r — Dd]}"
Yo () ={y®),yt —d), ..., y[t — (n, = DHd]}"

withn; >n and d > 0, o is any squashing function.

Proof: See Ref. 18.

The input/output history of the original nonlinear plantis needed
to map A in systems with zero dynamics because for such systems
the unobservable subspace is not estimated by Eq. (33), but can be
accounted for by the input/output history, as noted in remark 1. If
the system has full relative degree, the observerin Eq. (33) provides
all of the estimates needed for the reconstructionof A, and no past
input/output history is required 2°

Remark 4: The inversion error A is defined on DC D, x RC
R"*!, whereas the input vector to the NN in Eq. (38) belongs to
Du C R2n| —r+1 .

The adaptive term in Eq. (16) is designed as

v = Wia (V) (39)

where W and V are the NN weights to be updated on line. With
squashing functions that are continuous and monotonic, Eq. (39)
will always have at least one fixed-point solution for v,g.

Define

. 3 - AW
WEwW—w, VEV_v Zé[o g} (40)
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and note that

IWle < IWlF+ W, IVIe < IVIF+V (41)

where W and V are the upper bounds for the weights in Eq. (37):

Wl < W, IVl <V (42)

With condition (41), the representation
Va— A=WloWipn) —WTa(V*7Tp) —¢ (43)
allows for the followingupperbound for some computable y; and y5:

lva — A<Vl ZIr+1, >0, >0 (44

For the stability proof, we will need the following representation:
WTO'(VT[L) _ W*TU(V*TH)
=Wi(o—-6Vip+WieVip+w (45)

where o = o(V ), 0'(z) =diag (do; /dz;) and w =W7'o'V*T py —
W*TO*(VT ). This representation is achieved via Taylor series
expansion of o(V*T ) around the estimates V7 . (See Ref. 19
for more details.) The following assumption is used in the stability
analysis:

Assumption 4: The input vector to the NN is uniformly bounded
onD,

Ipll < w*, wt >0 (46)

A bound for (w — €) over the compact set D,, can be expressed
as follows'?:

lw—el <nllZllr+y,  »n >0, »n>0 @7
where y, and y, are constants that depend on p* and €*. Thus, the

forcing term in Eq. (32) can be written
Vi — A=W (- VIip)+Wio'Vipg+w—ec  (48)
subject to conditions (46) and (47).

PCH

Adaptive controllers are sensitive to input nonlinearities such as
actuator position limits, actuator rate limits, actuator dynamics, and
time delay. The conceptof hedging the referencemodel to preventan
adaptive law from seeing (attempting to adapt to) these unfavorable
system characteristicswas introducedin Ref. 15. This approachper-
mits adaptationeven during periods of control saturation (when not
in control). A pseudocontrolhedge v, is obtained by first estimating
the actuator position & using a model for the actuator characteris-
tics. This estimate is then used to compute the difference between
commanded pseudocontrol v and the estimated achievable pseudo-
control. The processis illustratedin Fig. 2 for an actuator model that
has position limits, rate limits, actuator dynamics, and time delay.
With Eq. (11), v, the PCH signal, can be expressed as

1 . o r—1 . B
vy =v——\h(y.y,u) + Zaz-hi(y,y)}

bo i=0
1 . _ A - A
= b—{h,-(y, Vslema) — h(y, ¥, )} (49)

0
Time Rate Position 1%
Delay Limit Limit

A
ucmd -SE N _1_ _1 f u 2 - t’\ vh
e r
- T s

Fig.2 Computation of the PCH signal.

Fig.3 Second-order reference model with PCH signal.

where u.,¢ is commanded control input from Eq. (5) and # is the
estimated control input depicted in Fig. 2. The PCH signal is then
subtracted from the reference model dynamics as described by the
following equation:

r - r—1
xl(u\i; = fRM(-xRMv-xRM»---»xéM )vycom) — bovy, (50)
where Y., is the unfiltered command signal. The manner in which
it is incorporated in a linear reference model is shown in Fig. 3 for
the case r =2. The second-orderreference model augmented with
the PCH signal can be expressed in the following state-space form:

Xrm B —Kpc  —Kpc | [Xrm Kpe  —by Up
N — — N — —

ARM Brm
YRM 1 0 0 0
X com
Ve [=| 0 I [.RM]+ 0 0 [y } (51)
. XRM Uy
YRM —Kpc —Kpc Kpc O

where Kpc and Kpc are the reference model gains chosen such that
Agrwm is Hurwitz.

Ultimate Boundedness

This section addresses ultimate boundedness of the errors in ref-
erence model states, NN weights, plant states, and error observer
states. To establish this result, we follow the rationale developedin
Refs. 14 and 15. In Ref. 14, ultimate boundedness of error signals
has been shown in an output feedback setting using Lyapunov’s
direct method for the case of unbounded actuation. In Ref. 15, ulti-
mate boundedness of error signals in the presence of actuation lim-
its have been shown for the state feedback case. Here we develop
a synergy of the proofs laid out in Refs. 14 and 15 to account for
system input characteristicsand PCH in an output feedback setting.
We show that all error signals are uniformly ultimately bounded,
provided that upper/lower bounds for the adaptation gains are
respected.

We first consider an isolated nonadaptive system and then com-
bine it with the adaptive system later as suggested in Ref. 15. The
error states that will be used in the proof of boundednessare shown
in Fig. 3:
€= YrM — ), €com = Yeom — Y, €crRM = Yeom — YrM  (52)
where y.on is the prefiltered command and ygry is the filtered sig-
nal through the reference model. The isolated nonadaptive system
represents the plant when reference model tracking error e is zero,
Vag = A, and e.om = ecrm. For r =2, the reference model command
error dynamics is given by

. 0
E = AgxmE 53

crM M eRM * [ycom + KDC).’com:| ( )
where Ecrv = [ycom — YrRM, ).’com - yRM]T with Agrm defined in
Eq. (51).

Assumption 5: There exists a Lyapunov function for an isolated
nonadaptive part of the overall system.

When considering the isolated system design for the non-
adaptive subsystem, reference model tracking error is zero
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(ecom = €crm), and we can take Lcrm(Ecrm) =E£RM PcrmEcrm
as a candidate Lyapunov function for the subsystem, where
Pcry 1s the positive-definite solution to the Lyapunov equation
Al Perm + PermArm + Qcrm =0 with Anin (Qcrm) = ¥ > 0. The
derivative of Lcgy along Eq. (53) will be

Lerm (Ecry) < —Elgy QcemEcru + 21 Eciy || PeryFeon |
< —min(Qcrm) IEcrm > + 2y | Ecrull < 0 (54)

where ycom = [Ov ycom + KDC).}com]Ts Y= ” PCRMS’com”s and )Vmin
(Qcrm) is the minimum eigenvalue of Qcrm.
Consider the following vector:

¢= [EERM,ET,ET,VG:CZT]T (55)

Notice that it can be viewed as a function of the state variables
x,n, E, and Z; the reference model vectors ygy and yeon; and the
constant matrix Z*:

<=F(xvycomvyRMv U,E, Z, Z*) (56)

W 0 w* 0
Z = ) 7 =
oy == 7
and D,

veom and Dz are assumed to be bounded. Recall that Eq. (37)
introduces the compact set D over which the NN approximation is
valid. From Eq. (37), it follows that

where

x' v"eD=xeD, veD, (57)

where D, and D, are bounded. According to Eq. (16)
U=FU(77,H~Z,_YRM) (58)

where F,, : D, x D, X Dz X Dy, — D,. This implies that D,,, D,,,
Dy, and D,,,, are bounded. D; is also bounded because the error
observerin Eq. (33) is asymptoticallystable and driven by E, which
is a functiondefined on boundedsets D, x Dy, x D, . Therelation
in Eq. (56) represents a mapping from the bounded sets to D, in
the error space. We can conclude that the set D, in the error space
is bounded and introduce the largest convex compact set that is
contained in D,, such that

B, = {¢: ¢l <), r>0 (59)

We want to ensure that a Lyapunov function level set Q4 is an
ultimate bound for the error ¢ in D, by showing that the level set 24
inside B, containsa compactset I, outsideof which a time derivative
of the Lyapunov function candidate is negative, as is shown later.
A Lyapunov function level set €2, is introduced to ensure that 4
is contained in B,, and a ball B, is introduced to provide that 4
contains I'. Before we state the theorem, we state an assumption
that will be used in the proof of the theorem.

Assumption 6: Assume

r>CyTy/T,>C (60)

where T), and 7T,, are the maximum and minimum eigenvalues of
the following matrix:

Prv 0 O 0 0 —|
0O P O 0 0
T2l 0 0 P 0 0 (61)
0 0 0 I'y' o
0 0 0 0 r;‘J

that will be used in a Lyapunov functioncandidateas L = ¢” T'¢, and

€ 2 max ¥ /v Rasa (@i — 7. X /¥ in @) — G + 72 PEI,

T/Vra (@) — G 100, T[Nk =~ mlPBI|  (62)

Yeom | Model
—com,|

is a radius of a ball B, containing I". The ball B, is introduced to
quantify g of Qg in Eq. (A15), where
Z=IW=Wllz +1IV=Vol}. k> +nlPB|

ki = Oa, +|PBllyi, k2 = O, + | PBlly:

T =Vy +nlPBl +x +kZ
(63)

© = |PB| + | PB|,

The preceding quantities are used to show negativeness of the time
derivative of the Lyapunov function candidate in I', and P, P > 0
satisfy

ATP+PA=—-Q, A"P+PA=-0 (64)

for some Q, Q > 0 with minimum eigenvalues

dnin(Q) > 1+ PIIPBI dmin(Q) > (k1 +12)  (65)
Theorem 2: Let assumptions 1-6 hold. Consider the following
weight adaptation laws:

V =Ty [uE" PBW o' +k(V — Vy)]
W =—Ty[(c—o'VIWE PB+k(W —Wy)]  (66)

where I'y and T'y, >0, and k > 0. If the initial errors belong to
acompactset B, definedin Eq. (59),thenthe signalsEcgy, E, E, W,
and V in the closed-loopsystem are uniformly ultimately bounded.

Proof: See the Appendix.

Remark 5: For fixed values of r and C, the inequality in condi-
tion (60) implies upper and lower bounds for the adaptation gains
I'w and Iy in Eq. (66). For example, for Iy = yw I, and yy large,so
that the minimum eigenvalueof 7 in Eq. (61) is determined by yy,,
we have yy < r?/(C*Ty) as an upper bound. Likewise, for small
Yw ., so that the maximum eigenvalueof 7' is determined by the value
of yw, we have yy > C?/(r?T,,) as a lower bound.

Design and Performance Results

To demonstrate that the developed approach is adaptive to both
parametric uncertainty and unmodeled dynamics (including time
delay), we illustrate a design and performance evaluation using a
simplified model for the longitudinal dynamics of an R-50 experi-
mental helicopter. A linear model is used both for design and sim-
ulation so as not to obscure the effects due to unmodeled dynamics
and actuation limits. Figure 4 presents the implementation block
diagram.

The pitch channel equations of motion of the R-50 helicopter can
be expressed as a single-input/multi-output system:

BRGNS

wherex = [u, q, 0, B, w]” is the state vector, u the forward velocity,
q the pitchrate, 6 the pitch angle, 8 the control rotor longitudinaltilt

x = f(x,8),

g Hedge
Estimator

B d

Reference Helicopter y

Dynamics

q

V | Approx, |

vl

Neural — Network Inputs
Network f«— Bias

Fig. 4 Generic block diagram of single channel of adaptive attitude
command system with PCH.
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angle, w the vertical velocity, § the longitudinalcyclic input (deflec-
tion angle of swashplate in radian), y an additional measurement,
and y the controlled output. Note that because only pitch angle and
pitch rate are used in the inversion process, the main sources of
unmodeled dynamics are the control rotor dynamics and time delay.

The following linearized model was obtained based on flight-test

data:
M—| Xu Xq X(~) Xﬂ Xm—| M—| Xri—|
q Mu Mq O Mﬂ Mm q Mri
6l=l0o 1 0 0 o0 O +] 0|8 (68)
B B, -1 0 By 0 B B;
wJ Zu Zq Z(~) Zﬂ ZmJ w Z(SJ
where the actual coefficient values are
X, = —0.0553, X, =1.413, X, = —32.1731
Xg = —19.9033, X, = 0.0039, M, =0.2373
M, = —6.9424, Mg = 68.2896, M, = 0.002
B, =0.0101, Bg = —2.1633, Z, = —0.0027
Z, = —0.0236, Zy, = —0.2358, Zg = —0.1233
Z, = —0.57217, Xs =11.2579, M; = —38.6267
Bs = —4.2184, Zs = 0.0698 (69)

In assumption 1, we have assumed that the relative degree of the
output is known. If we assume that the actuator responds to the
commanded input according to the first-order dynamics

8(1) = —=8(t) + 8.(t — Tp) (70)

then 0 has relative degree three.

We choose the desired linearized system in Eq. (8) so that we can
stabilize the closed-loop system with the proportional-derivative
controller depicted in Fig. 4:

Ga(s) = p/s*(s + p) (71)

This correspondsto ay =a; =0, a, = p, and by = p in Eq. (8), and
the error dynamics with vpc = (Kps + Kp)e in Eq. (26) become

(s + ps> + pKps + pKp)e =0 (72)

The PD controller is designed to place the closed-loop poles at
—20, —8 £ 6i, which corresponds to p=36, Kp =55.56, and
Kp =11.67.From Eq. (10), the relationshipbetween pseudocontrol
v and the controlled output y is given by

plv+A)=y+py (73)

To get the inversion law, we are considering only ¢ and 6, as in
Eq. (74), leaving other states («, 8, w) as unmodeled dynamics:

A |

We can get the approximations for y and y from Eq. (74):
¥=M2q + (M;/7)bcna (75)

y= M,q,

where 1\;[(, and M, are introduced to account for parametric un-
certainty in M, and M;, respectively. By the use of the preceding
approximation, Eq. (73) becomes

P+ A) = M2q + (M;/T)ema + pPMyq + Az + pAy  (76)

where Ay =y — ): and Ay, =y — 3) By the use of Eq. (76), the ap-
proximate inversion law (5) becomes

Sema = (/My)[pv — My (M, + p)q] (77)
and, from Eq. (15), the model inversion error A can be expressedas
A=(1/p)As+pA) =(A/pF=F+pF -5} (78

The eigenvaluesof_fi in Eq. (34) have been placed to be fourtimes
faster than those of A in Eq. (32). The adaptation gains have been
setto I'y =101 and I'y =501. The following sigmoidal function

o(z) =1/(1+e*) (79)

was implemented in the NN design with five hidden neurons, with
activationpotentialschosentobe [2,1.6,1.2,0.8,0.2]. The so-called

0.2 T T

0.1

Pitch angle [rad], Ref(--), Plant(-)

I T
— - Hedged reference model
-~ Un-hedged reference model
.| — Airframe response

&0
~

Control position [rad]

b)

Time [sec]

Fig.5 Pitch tracking performance without NN controller.
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o -modification gain k in the NN update laws (66) was selected to be
five. The o-modification initial matrices W, and Vj, are set to zero
because no a priori knowledge for estimates of the weight matrices
is available. The number of neurons was chosen experimentally by
starting with a large number and gradually reducing until a degra-
dation in performance became perceptible.

As shown in Fig. 4, the commanded pitch attitude is processed
through a linear third-orderreference model,

Yru = [20° /(s + 20)(s* + 26 s + @) Yeom (80)
where w = 10 and ¢ = 0.8. PCH signal v, is generatedas in Eq. (49)

KIM ET AL.

and is multiplied by p and subtracted from the reference model
output (ygy), which becomes the reference model state update
(¥rm = Yrm — Pvs) as in Eq. (50).

Figures 57 provide simulated performanceresults of the adaptive
controller using the helicopter model in Eq. (68). The simulation
includesthe control rotor dynamics, actuatordynamics (t =0.04 s),
time delay (7p = 0.03 s), and control limits (7.8 deg in position and
78 deg/s in rate). The command to the reference model is a sequence
of positive, zero, and negative steps. The parameter estimates used
in Eq. (77) are M5 =0.7M; and M, =2M,.

Figure 5 presentsthe pitch tracking performance without NN aug-
mentation. Figure 5a gives a comparison of the unhedged reference

v = (Ms/TP)(Eema — 0) (81)
0.2 T T T T T
: — ~ Hedged reference model
— - Un-hedged reference model
0.1

Pitch angle [rad], Ref{--), Plant(-)

{ — Airframe response

O N\
0.1
0.2 1 1 I I 1
0 1 2 3 4 5 6
Time [sec]
0.3 T T T T
02k _

Control position [rad]

0 1 2 3 4 5 6
Time [sec]
Fig. 6 Pitch tracking performance with NN controller.
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Fig.7 NN weights (W and V) history and inversion error vs adaptive signal.
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model output (dash—dotline) and the hedged referencemodel output
(dashed line), which includes the effect of PCH, with the pitch atti-
tude responseof the airframe (solid line). The inversionerror causes
an unstable attitude response and commands control input (§.,q ) be-
yond the capacity of the actuator. The PCH modifies the reference
model output so that the airframe response appears to follow the
hedged reference model within the capacity of the actuator. Note
that the actuator response is either position or rate limited through-
out the entire time interval. The airframe response without hedging
is similar. The main sources of the limit-cycle behavior observed
here are the unmodeled dynamics and the actuation limits.

Figure 6 repeats the plots presented in Fig. 5 with NN augmen-
tation. Acceptable tracking of the filtered and hedged command is
obtained even during brief periods where the position and rate lim-
its are encountered. The results demonstrate the ability of the high-
bandwidth flight-control system to operate at the physical limits of
the aircraft hardware while delivering acceptable tracking perfor-
mance. This is made possible by the introductionof hedging, which
permits correctadaptationto continue while not in control. Note that
the unhedged reference model outputsin Figs. 5 and 6 are identical,
and the airframe response appears to lag the unhedged command
for a period of time, but lead the hedged command. This behavior
is a consequence of the feedforward term from the refernce model
UrRM in Flg 4.

Figure 7a shows the NN weights time history W (output layer)
and Fig. 7b V (input layer). The weights have a tendency to return
to zero after each step in command due to the o -modification term
in Eq. (66). Figure 7c shows the inversion error A and the output
of the NN v,4. Note that v,4 approximates A, except when the com-
mand is initiated, which causes slightovershootsin the pitchattitude
response in Fig. 6. This demonstrates the effectiveness of PCH in
allowing adaptationto continue during periods of control saturation.

Conclusions

A novel approach has been illustrated for high-bandwidth adap-
tive flight-control system design. A key feature is that it permits the
design of stable adaptive control laws for nonlinear plants of arbi-
trary relative degree. The resulting controller adapts to both para-
metric uncertainty and unmodeled dynamics, including time delay.
When combined with PCH, the approachcan be used to design high-
bandwidth controllers that exploit the full nonlinear capabilities of
the plant and the actuators. The numerical results indicate that this
is a highly effective approach to adaptive control design for UAV
applications in which there is a desire to utilize the full maneuver-
ing capability of the vehicle. Quantitatively, our results show that
bandwidth can be increased, and rise time can be reduced to the
minimum attainable level established by the limits of the actuation
system and the inherent time delay present in the overall system.

Appendix: Proof of Theorem 2
Proof: Consider the following Lyapunov function candidate:

L =Legy+E"PE+E"PE+2u(W'T,'W) +2t(V'T,'V)
(AD)

where Legy = EL gy PecrmEcru is introduced to show the bounded-
ness of the reference model command tracking error when incorpo-
rated with PCH.

The derivative of L will be

L = Legy — E" QE —E" QF +2E" PB(v,g — A)

— 2B PBy — A) +2t(WTT5 W) +2u(VIT; V) (A2)
With the definition of E = E — E and Eq. (48), this can be written
L = Loy — E"QE —E" QF +2E" PBIW (0 — o'V )

+Wia'Vip+w—e€]—2E"(PB+ PB)(vy — A)

+2u(WTT W) + 2u(VT T3 V) (A3)

Substituting the adaptive laws implies

L =Ly — E'QE —E"QF + 2E" PB(w — €)
—2E"(PB 4 PB)(va — A)

— 2k t[W (W = Wo)] = 2k tr[V (V — V)] (Ad)

By the use of upper bounds from conditions (44) and (47), the
derivativeof the Lyapunov functioncandidate can be upper bounded
as

L < Lery = din(QUEN? = Ain (D IE|1?
+21PBIENGNZI - + o) + 201EN @ | 217 + )
02 2 * 2
—[IWIE+ 1w = Woll2. — [w* = W, ]
~ 2
—k[IVIE +1V = Volz = Ve = v]2] (AS)
where the following property for matrices has been used:
~ ~ 2
2u[ W (W=Wo)] = IWI3+IW=Woll:— [ W= W[, (A6)
Furthermore,
L < Lery = din(QUEN? = Ain (D IE|1?
+2| PBIEN+ IED N ZIF + v2)

+20IEl @ | Z1lr + o) = kIZI; +kZ (A7)
Grouping terms, condition (A7) can be written
L < Lo = hin( QIEI = hin () IEI?

+ 20 PBIIEN 1 ZIr + 721+ 21ENO (@1 1 Z]1 7 + )

+IPBIAIZIF + vl — kI ZI% + kZ (A8)
and, furthermore, put in the form

L< —Amin (Qcrm) 1 Ecrmll* + 2y | Ecrmll — Amin (Q)IE|?
— i (D NEN? + 20 PBINENANZI £ + p2]

+20Ela I ZI ¢ + k2] — KN Z1% +kZ (A9)

Utilize the following inequalities:
2y lEcrmll < v (IEcrull® + 1)
2n I PBIIENNZ]F < vl PBIIEN® + I Z]1%)
2, PB||IIE|l < y: | PB|(IEI* + 1)
2 lENZNF < s (IEIP + 1Z17)
26|EI < o (IE|? + 1) (A10)

On completion of squares, we get the following upper bound:
L< ~[Amin (Qcrm) — ¥ Ecrul?

= [Awin (@) — (71 + ¥ PBIIE|?
— [Pin (Q) — (k1 + k) NE|?
—(k — ki — nlIPBIDIZI2

+kZ+y + n|IPB|| +k, (A11)

One of the following conditions
IEcrmll > T/\/ Amin (Qcrm) — ¥

IE] > Y /v Awin(Q) — (1 + y2) | PBI

IEN > Y /v 3win(D) — (1 + 1c2)

1Zllr > Y /Vk =k —yi|IPB| (A12)
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Fig. A1 Geometric representation of the sets in the error space.

will render L <0 outside a compact set, where Y =
V@ + 72| PBll + 12+ kZ).

To ensure that the conditions (A12) define a compact set in the
space of error variables, write condition (A11) in the following way,
such that the condition L < 0 is true everywhere in the space of error
variables Ecrym, E, E, and Z, outside the ellipsoid I':

[hanin (Qerm) = Y1 Ecruml® + hin(Q) = (1 + v2) | PBIIEN?
+[hnin(Q) = (e + ) E]?
+ (k=i = nlIPBIDIZIG = 1° (A13)
Define a compact set in the space of the error variables ¢,
Be={CeB ¢l =C} (A14)

containing T, outside of which L <0. Note from Eq. (60) that
B¢ C B,. Consider the Lyapunov function candidate in Eq. (A1)
and write it as

L=("T¢
Let B be the maximum value of the Lyapunov function L on the
edge of B¢:

B = max L =C2T), (A15)
gl =c
Introduce the set, depicted in Fig. Al:

Q=1{¢:L<p) (A16)

Let o be the minimum value of the Lyapunov function L on the edge
of B,:

o = min L =T, (A17)
el =r
Define the compact set
Q,={CeB :L<a} (A18)

The condition in condition (60) ensures that Bc C Q4 C 2, and,
thus, the ultimate boundednessof ¢.
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